MODULI OF ROOTS OF LINE BUNDLES ON CURVES 
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Abstract: We treat the problem of completing the moduli space for roots of line bundles 
on curves. Special attention is devoted to higher spin curves within the universal Picard 
scheme. Two new different constructions, both using line bundles on nodal curves as 
boundary points, are carried out and compared with pre-existing ones. 
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1 Introduction 



The problem of compactifying the moduli space for roots of line bundles on curves 
is the object of this paper. 

More precisely, consider a family of nodal curves /: C B, with nonsingular 
fibers over an open subset U of B; let A/" be a line bundle on C, viewed as a family 
of line bundles on the fibers of /. Assume that the relative degree of TV is divisible 
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by some positive integer r. Then the family of r-th root£] of the restriction of M 
to the nonsingular fibers is an etale covering of U . 

The issue is how to compactify over B such a covering, in a modular way. We 
define and explore two different approaches, and compare our resulting moduli 
spaces between themselves and with pre-existing ones. 

One of the first cases in which such a question was considered is the one of 
2-torsion points in the Jacobian, that is, the case N = r = 2. This was solved 
by A. Beauville [1] by means of admissible coverings. 

Another remarkable, well-known instance is the one of the so-called "higher 
spin curves", which corresponds to M = tOf and, more generally, to N = uj 



f 



The case of genuine "spin curves", that is, r = 2 (and / = 1), was solved by 
Cornalba in [8] , where a geometrically meaningful compactification is constructed 
over the moduli space Mg of Deligne-Mumford stable curves. The boundary points 
are certain line bundles on nodal curves. 

Later T. J. Jarvis (in [15] and [I6|) used rank 1 torsion-free sheaves to approach 
the problem (over stable curves) for all r and I. In particular, he constructed two 
stack compactifications & and Root, the first of which is the normalization of 
the second, and turns out to be smooth. For r = 2 his compactifications are all 
isomorphic to the one of [8]. 

Other methods have recently been used by D. Abramovich and T. J. Jarvis ^ 
and by A. Chiodo [7]. Both employ (differently) "twisted curves", which, roughly 
speaking, are nodal curves with a stack structure at some nodes. The resulting 
compactifications are isomorphic to Jarvis's &. 

Over the last decade, interest in higher spin curves has been revived by the 
generalized Witten conjecture, which predicts that the intersection theory on their 
moduli spaces is governed by the Gelfand-Dikii (also known as higher KdV) hier- 
archy. This conjecture is opeil^; see |18j for more details and some recent progress. 

The first part of our paper presents a solution of the general problem in the 
same spirit as [8]; we complete the r-th root functor (and its moduli scheme) for 
any family and any line bundle M as above, by means of line bundles on nodal 
curves. For clarity (and to distinguish it from other approaches) we name the 
resulting space the moduli space for limit roots. Some of the results in this part 
can already be found, in one form or another, in the existing literature; however, 
it seemed worthwhile to present a coherent account of the subject based on the 
ideas of |8]. In order to limit the length of the paper, we work in the context 
of schemes and coarse moduli spaces, although it is quite clear that our methods 
lend themselves to the construction of stacks which are fine moduli spaces for the 
problem at hand. We plan to return to the question in a future paper. 



^If L and are line bundles on X such that L®"" = N we call L an r-th root of N. 
Added in proof. The generalized Witten conjecture has recently been proved by C. Faber, 
S. Shadrin and D. Zvonkine in Faber, Shadrin, Zvonkine: Tautological relations and the r-spin 



Witten conjecture. Preprint math.AG/0612510| 
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As in the case r = 2 (see [6j), the combinatorial aspects of our construction 
play a significant role, and enable us to offer a fairly explicit description of our 
compactification. 

We prove in Theorem 14.2.31 that, in the special case of higher spin curves, our 
moduli space is isomorphic to the coarse space underlying Jarvis's Root. 

The last section is devoted to our second approach, whose goal is to obtain a 
completion within the compactified Picard scheme, where, obviously, r-th roots 
on smooth curves naturally live. Because of the relative newness of this method, 
we only apply it to higher spin curves over Mg. A modular compactification of 
the universal Picard scheme was constructed in [5] by Caporaso, by means of line 
bundles on semistable curves. This space was later given a description in terms of 
rank 1 torsion-free sheaves by R. Pandharipande [20j, as a special case of a more 
general result, valid for all ranks. 

The question on whether the existing compactifications of higher spin curves 
embed in the universal Picard scheme seemed, at least to us, irresistible. All the 
more so because of the strong similarities between the boundary points used by 
the various authors: (analogous) line bundles in [8] and [5] on the one hand, and 
rank 1 torsion-free sheaves in pH] and [2D] on the other. 

Therefore we construct and study a new modular compactification of higher 
spin curves, Sg' \ sitting inside the universal Picard scheme, and whose main new 
feature is that it is not finite over Mg, as soon as r > 3. 

We then prove that, for r > 3, the previously constructed moduli spaces of 
limit roots, which we denote by S'g' , as well as those constructed in [T3], [TB], pQ 
and [7j, do not embed in the universal Picard scheme. More precisely, neither is 
the natural birational map x'- S^g Sg'^ regular, nor is its inverse (Theorem 
15.4.21 and its corollary). The case r = 2, treated by C. Fontanari in [12], is an 
exception, as x is regular and bijective. 

For higher rank, in the same spirit as ours, a compactification of the moduli 
space of vector bundles over curves using, instead of torsion-free sheaves, vector 
bundles over semistable curves, has recently been constructed by A. Schmitt [22] . 
continuing upon the work of C. S. Seshadri and others (see [23] and references 
therein) . 

1.1 Notation 

Throughout the paper we work over the field of complex numbers. We shall use 
the words "line bundle" as a synonym of "invertible sheaf" . 

For any scheme we denote hy v = vz '■ ^ Z the normalization morphism. 

C will always be a connected, nodal, projective curve of (arithmetic) genus g. 
We denote by g'^ the genus of its normalization. 

To C we associate a dual graph Tc, as follows. The set of vertices of Tc is the 
set of components of . The set of half-edges is the set of all points of mapping 
to a node of C. Two half-edges form an edge of Tc when the two corresponding 
points map to the same node of C. Recall that g = g'^ + 6i(rc), where hiiVc) 
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is the first Betti number. Let A be a set of nodes of C, i.e., of edges of Fq- We 
denote by A the subgraph of Tq consisting of A phis the abutting vertices. 

We say that a nodal curve X is obtained from C by blowing-up A if there exists 
■k: X C such that n~^{ni) = ~ for any G A, and tt: XxUj^^j C\ A 
is an isomorphism. We call tt: X ^ C a blow-up of C and Ei an exceptional 
component. Set X = X UiEi. Then tt: = 7r|^ : X — > C is the normalization of 

C at A. For any Ui € A, set {pi, Qi} = E^HX = Tr~^{ni); the points pi and qi are 
called exceptional nodes. 

For families of curves, we use the same letters but different styles to denote 
the total space and a special fiber, and a star superscript to indicate restriction 
to the complement of the special fiber. For instance, C ^ B will denote a family 
of curves with special fiber C, while C* will stand for C \ C 

Let C — > i? be a family of nodal curves. We denote by the fiber over 
b G B. We say that a family of nodal curves X ^ B, endowed with a B-morphism 
TT : X C, is a family of blow-ups of C, if for any b & B the restriction tt^x,, '■ 
Ch is a blow-up of Cb- If A/" € PicC, we set Nij := M\Ci, and, as above, J\f* = M\c*- 

We denote by 5 a smooth, connected 1-dimensional scheme, not necessarily 
complete, with a fixed point sq G S, and we set S* = S \ {sq}. 

We shall attach to X a second graph Ex, whose vertices are the connected 
components of X and whose edges are the exceptional components of X. Notice 
that Ex is obtained from Vq by contracting all edges corresponding to nodes 
which are not blown up in X. 

For any graph F and commutative group G, we denote by C°(F, G) and C^(F, G) 
the groups of formal linear combinations respectively of vertices and edges of 
F with coefficients in G. When we fix an orientation for F, the boundary and 
coboundary operators d: C^{T,G) C^{T,G) and 5: e^{T,G) C^F, G) are 
defined in the usual way. Then iJi(F, G) := ker 5 C C^(F, G). 

For any positive integer r, /x^ is group of r-th roots of unity. 

2 Limit roots of line bundles 

Let C be a nodal curve, r a positive integer, and N a line bundle on C whose 
degree is divisible by r. 

2.1 The main definition 

Definition 2.1.1. Consider a triple (X, L,o;), where X is a blow-up of G, L is 
a line bundle on X, and a is a homomorphism a: L®^ tt*{N) (tt: X — > G the 
natural map). We say that (X, L, a) is a limit r-th root of {C,N) if the following 

properties are satisfied: 

(i) the restriction of L to every exceptional component of X has degree 1; 

(ii) the map a is an isomorphism at all points of X not belonging to an excep- 
tional component; 
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(iii) for every exceptional component Ei of X, the orders of vanishing of a at pi 
and Qi add up to r. 

The following is an analogue, for roots of line bundles, of the stable reduction 
theorem: 

Proposition 2.1.2. Let C ^ S be a family of nodal curves, smooth over S* . 
Consider line bundles Af E PicC and C € PicC* with an isomorphism a: C®'' 
N\c*- Then there exist: 
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1) A diagram 




S' — 

where S' is a smooth curve; S' ^ S is a finite morphism of degree r, etale over 
S* ; C := C Xs S' ; X ^ C is an isomorphism outside the central fiber; X is a 
blow-up of C' . 

2) A line bundle C G Pic,^ such that £j^, = h*{C). 

3) An isomorphism a': h*{J\f){—D), where D is an effective Cartier 
divisor supported on the exceptional components of the central fiber, such that 
^'\x* ~ ^*{(^) ^''^d (X, ajj,^) is a limit r-th root of {C,N\c)- 

Moreover, for any {Xi — > C\C'^,a'i,Di) and {X2 —<■ C , C'2, D2) satisfying the 
above conditions, there exists an isomorphism a: Xi X2 over C' such that 
a*{D2) = Di, a* {€'2) — C'l, and this last isomorphism is compatible with a'^ 
and ctg. 

The proof is in [T3], section §4.2.2. For more details on the work of Jarvis on 
the subject, see section IT2I 

The notion of limit root generalizes to families in a natural way. Let C — s- T 
be a family of nodal curves and J\f G PicC A limit r-th root {X,C,a) of {C,Af) 
is the datum of a family vr : A" — > C of blow-ups of C, a line bundle C G Pic X and 
a homomorphism a: C®"^ TT*(J\f), such that for all t (^T, {Xt,Lt,at) is a limit 
r-th root of {Ct,Nt). 

We can restate Proposition 12.1.21 by saying that if C — > S* is a family of nodal 
curves, Af G PicC and {C*,C,a) is an r-th root of A/|c*, then for some finite 
covering S" ^ S" of degree r there exists a limit r-th root {X,C',a') of the pull- 
back of Af to the base-changed family C — s- S' which extends over all of S' the 
pull-back of (C* ^ 5*,/:,a). 
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2.2 Weighted graphs 

To a limit r-th root (X, L,a) we shall attach a weighted subgraph of the dual graph 
Tc of C. The underlying graph is the subgraph A corresponding to the set A of 
nodes which are blown up in tt: X C. The weight function w is defined on 
the exceptional nodes (or, equivalently, on the half-edges of A), takes values in 
{1, . . . , r — 1}, and is given by w{pi) = Ui, w{qi) = Vi, where Ui, Vi are the orders 
of vanishing of a at the points Pi,qi respectively. We denote this weighted graph 
by A"'. Clearly, the following conditions are satisfied: 

(CI) Ui + Vi = r for any i; 

(C2) for every irreducible component Cj of C, the sum of all weights assigned to 
the vertex corresponding Cj is congruent to deg,^^. N modulo r. 

Conversely, for any assignment of a weighted subgraph A"' of Tc satisfying con- 
ditions ^Cl) and (C2), there is a limit r-th root of N whose graph is A"'. In fact, 
let TT : X C be the partial normalization of C at A. By (C2), the line bundle 
7r*{N){— ^meA^'^iPi + ViQi)) on X admits an r-th root L € PicX. Let X be the 
blow-up of C at A. We obtain a limit root (X, L, a) of X by gluing to L (how- 
ever we wish) the degree one line bundle on each exceptional component; the map 
a: L®"- ^ 7r*(X) is defined to agree with (L)®'' = 7r*(X)(- X;^(w^^>^ + ViQi)) ^ 
TT*{N) on X, and to be zero on all exceptional components. 

Remark 2.2.1. The multidegree d = deg X of X is the set of the degrees deg^;^. X 
for all irreducible components Cj of C. Its class modulo r can be viewed as an 
element [d\r of C°(rcZ/r) defined naturally as 



Of course, condition (C2) above only depends on [d\r. 

Now fix an orientation for Tc] then there is a natural bijcction between 
C^iTc-, '^/r) and the set of weighted subgraphs of Tc satisfying (CI): to a weighted 
subgraph A"' we associate the 1-chain Ui [rii] , with the convention that the edge 
rii is oriented entering the vertex corresponding to Ui. 

In this set-up, the boundary operator d: C^{Tc,1j/r) C^{Tc,'^/r) can 
be viewed as a map from weighted subgraphs of Tc satisfying (CI) to mul- 
tidegrees reduced modulo r. Then A"' satisfies (C2) with respect to [d]r if 
and only if d{A^) = [d]r. Since the cardinality of d~^{[d]r) equals that of 
kerd = Hi{Tc,'^/r), we see that: 

• for every N as above, there exist r^^^'"'^^ weighted subgraphs of Tc satisfying 
(CI) and (C2) with respect to N. 




3 



6 



2.3 Automorphisms of limit roots 



Definition 2.3.1. An isomorphism of limit r-th roots {X T,C,a) and {X' 
T,C',a') of {C,M) is the datum of: 

(a) an isomorphism a: X ^ X' over C 

(b) an isomorphism r: (t*C' C that makes the following diagram commute: 



7r*(AA) 



This notion of isomorphism agrees with the one of [9], rather than with the 
one of |8j- At the level of automorphisms, for instance, the difference is that here 
fiber multiplication in £ by a non-trivial root of unity is viewed as a non-trivial 
automorphism of the limit root. To make contact with the terminology of [8] and 
[9j, an isomorphism between X and X' over C will sometimes be referred to as an 
inessential isomorphism. Likewise, automorphisms of X over C will sometimes be 
called inessential automorphisms of X. As customary, the group of these auto- 
morphism will be denoted Autc(Af). Given a limit root {X T,C,a), we denote 
by Aut(,^ T, C, a) the group of its automorphisms. Clearly, Aut{X — > T, C, a) 
maps to Autc{X); the kernel is naturally isomorphic to a product of copies of fir, 
one for each connected component of T. 

We now state and prove some of the basic properties of automorphisms of limit 
roots. Let X be a blow-up of C, and let Ei, . . . , Em be its exceptional components. 
View each Ei as a copy of the Riemann sphere, with the origin placed at qi and 
the point at infinity placed at pi. Then any inessential automorphism of X acts 
on each Ei as multiplication by a nonzero constant li , and any assignment of the 
li corresponds to an inessential automorphism. This proves the first part of the 
following result. 

Lemma 2.3.2. Let {X,L,a) be a limit root of{C,N), and fix an orientation on 
the graph T,x- Then: 

(i) There is a natural identification Autc(X) ~ C^iY^x^^*) ■ 

(a) There is a natural identification Aut{X, L,a) ~ {T,x , fJr) , CLn-d the homo- 
morphism Aut(X, L,a) — s- Autc{X) corresponds to the composition of the 
coboundary map 6 : C^{T,x, l^r) ^ C^i^x, IJ-r) with the inclusion {T, x, f^r) 

cH^x^c*). 

Proof. We have already proved (i). To prove (ii), it is convenient to work with 
the geometric bundles V(L) and V(L®'") rather than with L and L®*". In terms 
of these, an automorphism of {X,L,a) is a pair (o", r), where a is an inessential 
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automorphism of X and r is an automorphism of V(L) which is compatible with 
0", is hnear on the fibers of V(L) X, and is such that a o r®*" = a. This 
last condition means that, above each connected component Xj of X , r®^' is the 
identity, and hence r must be the fiberwise multiplication by an r-th root of unity 
Ij. If Ei is an exceptional component connecting Xj and X^, the restrictions 
of r and a to V(L)|£;. Ei can thus be viewed as an automorphism pair of 
Y{0{1)) which is the multiplication by Ij on the fiber above the origin 

and the multiplication by Ik on the fiber above the point at infinity. These pairs 
are easy to describe. View as the projective space FV constructed on a two- 
dimensional vector space V, and its origin and point at infinity as [vq] and [vi], 
where vo,vi is a basis of V; then V(0(1)) is the set of all pairs {£,(p), where i is 
a one-dimensional subspace of V and (p an element of its dual. An automorphism 
pair as above then acts on V(0(1)) via {i,^) ^ {f{tj^ip o f~^), where / is the 
automorphism of V such that /{vq) = I-J^vq, f{vi) = l^^^o, and on FV via 
i I— > f{i). Thus a acts on Ei as multiplication by Ij/lk- This means that giving 
an automorphism of {X, L,a) is the same as giving an r-th root of unity for each 
connected component of X, that is, an element of C^CEx , iJ-r), and that the map 
Aut{X, L, a) Autc(^) is as claimed. ■ 

It follows from l2.3r2] that Aut{X, L, a) has cardinality r"^, where 7 is the number 
of connected components of X . 

Fix (C, N) and vr : X ^ C as usual. We need to further investigate the action 
of Autc(X) on certain line bundles on X. Consider pairs (M, where M is a 
line bundle on X, /?: M — > 7r*(A^) is a homomorphism which is an isomorphism on 
the complement of the exceptional components of X, and M is assumed to have 
degree r on each exceptional component. This degree condition forces /? to vanish 
identically on each exceptional component 

An example of this situation is provided by a: L®^ — > Tr*{N), where {X, L, a) 
is a limit r-th root. 

Lemma 2.3.3. Let {M,l3) and {M',(3') be two pairs as above. Then: 

(i) There exist a G Autc(X) and an isomorphism t?: M — > a*{M') such that 
(5 = (T*{f3') o -d if and only if, for any exceptional node q, the orders of 
vanishing of (3 and (3' at q are the same. 

(a) Under the identification (i) of \2.'J.IA the set of those a € Autc(A') such that 
there is an isomorphism "i?: M — > cr*(M) with the property that (3 = (T*{f3)o-d 
corresponds to C^{T,x, /Jr)- 

Proof. The proof is similar to the one of 12.3.21 The "only if" part of (i) is clear. 
To prove the converse, denote by Ui (resp., Vi) the order of vanishing of /3 and /3' 
at Pi (resp., qi). The homomorphisms /3 and /3' determine isomorphisms ~ 
7r*{N){— Y]{uiPi + ViQi)) ~ M'~, hence there is a unique isomorphism -i}' : M,y ^ 

\yC I ^ 

M'~ such that 13,^ = j3' ~ o 1}'. Clearly, i3 must restrict to on X. It remains to 
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construct a and ■!? on the exceptional components. If Ei is one of these, we identify 
the restrictions to E, of V(M) ^ X and V(M') X to V(0(r)) ^ P(y), where 
y is a two-dimensional vector space. We also think of P(y) as being attached to 
the rest of X at [vq\ and [f i], where vq^vi is a basis of V . The isomorphisms i9 and 
(T, if they exist, restrict on V(0(r)) ¥{V) to an automorphism pair fixing [vq\ 
and [ui]. Now, V(C(r)) is the set of all pairs (1, 93®^), where t is a one-dimensional 
subspace of V and an clement of its dual. Any automorphism pair fixing [vq] 
and [vi] then acts on V(0(r)) via {t,^®''') ^ (/(^), (v? o where / is an 

automorphism of V such that /(fo) = ^'o^^O; /(^^i) = ^i^^O; ^Oj^i £ C*, and on 
via £ I— > /(^)- The action of such an automorphism pair on the fiber above 
[fj], i = 0, 1, corresponds to multiplication by hence we can choose 60 a-nd hi 
so that it matches the one of 1?'; the choices are unique up to multiplication by 
r-th roots of unity. This proves the existence of a and 'd. It also proves (ii). In 
fact, a acts on Ei as multiplication by 61/60. In the setup of (ii), both 60 and hi 
are (arbitrary) roots of unity. The conclusion is that a acts on each exceptional 
component as multiplication by an r-th root of unity, and conversely that any 
element of C^{Tix,t^r) comes from an automorphism aasm.(ii). ■ 

2.4 The general moduli problem 

Let B be a scheme, f : C ^ B a family of nodal curves, Af € Pic C a line bundle 
of relative degree divisible by r. Wc shall use the following notation: for any 
iJ-scheme T with structure map p: T ^ B we set 

Ct:=CxbT C 

f 

p 

T ^B 

where p: Ct ^ C is the projection. The pull-back of N to Ct is denoted by 

Mt := p*M. 

Having fixed B, f: C ^ B and M as above, we introduce a contravariant functor 

Sf{J\f): {5-schemes} — > {sets}, 

encoding the moduli problem for limit r-th roots of Af, as follows. For every B- 
scheme T, the set 5j(A^)(T) is the set of all limit r-th roots of Mt (which is, 
with the above notation, a line bundle on the total space of the family Ct T), 
modulo isomorphisms of limit roots. 

For every morphism of 5-schemes p: T ^ T', the corresponding map 

s;{M){p):s;{M){T') ^s;{M){T) 

sends a limit r-th root {X', C! , a') of At', to the limit root {X, L, a) of Mt defined 
by X := X' Y.T' T and L := p*jC' where p: X ^ X' is the projection. Finally, the 
morphism a' is the natural pull-back of a. 
We shall prove 
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Theorem 2.4.1. Let f : C ^ B be a family of nodal curves, with B a quasi- 
projective scheme. Let Af G PicC be a line bundle on C of relative degree divisible 
by r. 

Then the functor Sf{J\f) is coarsely represented by a quasi-projective scheme 
Sji^Af), finite over B. If B is projective, then Sf{Af) is projective. 

We shall denote by S J (M) the open subscheme of 5 J (A/") parametrizing (closed) 
points whose underlying curve has no exceptional components. 

Proposition 2.4.2. Let ^ = {X,L,a) G Sj^Af). The morphism p: SfiAf) B 
is smooth at if and only ifbi{T,x) = 0. 

In particular, if B is smooth, S j{M) is smooth at all points ^ such that X has 
no exceptional components, or is of compact type. 

The proofs of these results are in section 13. 4i 

Remark 2.4.3. A purely formal consequence of Theorem 12.4.11 is the following 
useful fact. Let B' be a i3-scheme, and denote by 

f':C' = CxBB' — > B' 

the family obtained by base change, and by J\f' the pull-back of A/" to C . Then we 
naturally have 

Remark 2.4.4. Let f:C^B and M G PicC be as above. For any Cq G PicC, 
the functors Sj{J\f) and S j-{J\f ® Cq^) are isomorphic, so the same holds for the 
corresponding moduli spaces Sj^Af) and Sf{N'0 C®^). This is because for any 
limit r-th root {X , C) of M, {X, C ® ■k*{Cq)) is a limit r-th root oi M ® C!^'' . 

Remark 2.4.5. Let f : C ^ B and Af G PicC be as above. For any positive integer 
s, there is a natural injective morphism 

J: Sj{Af) ^S"/{Af®') 

over B. Indeed for any limit r-th root {X, £., a) of Af, {X, C, a®^) is a limit (rs)-th 
root of A/"®*. The image of J is a union of irreducible components Sj- (Af®^). 

3 Proof of the existence theorem 

We shall now construct Sj-{Af), and prove Theorem 12.4.11 First of all, working 
in the analytic category, we construct the universal deformation of a limit root. 
Then we glue together the bases of the universal deformations, in order to give a 
complex algebraic structure to 5j (Af) . 

We will make use of the following simple results. The first one is well-known, 
while the second is Lemma 1.1 of [8]. 
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Remark 3.0.6. Let 3^ — > T be a family of nodal curves, to a point of T, and Y 
the fiber over to- Consider two line bundles V € Pic 3^ and L € Picy such that 
there exists an isomorphism lq: L®^ — > P|y. Then, up to shrinking T, there exist 
a line bundle C E Pic y extending L and an isomorphism t : C^^ V extending 
Lq. Moreover, this extension is unique up to isomorphism, meaning that if {C',l') 
is another extension, then there is an isomorphism x- C ^ C on a neighbourhood 
of Y which restricts to the identity on L and is such that t = l' o x^^- 

Remark 3.0.7. Let 3^ — > T be a family of nodal curves, and let E he a smooth 
rational component of one of its fibers. If £ is a line bundle on 3^ whose restriction 
to E has zero degree, then jC is trivial on a neighbourhood of E in y. 

3.1 Local structure near exceptional curves 

Let C ^ T be a family of nodal curves, Af E PicC and {X T, C, a) a limit r-th 
root of (C,Af). Fix an exceptional component E d X lying over a point to ^ 
let ti, V be the corresponding weights, and denote by n the point of C to which E 
contracts. As usual, vr: X ^ C \s the natural map; recall that ii*N is trivial on a 
neighbourhood of E. We shall describe the geometry of A" — > T near E. 

The prototype is the following family: for the base, consider the affine plane 
curve Cu^v C ^ H given by the equation w'^ = . The total space is the surface 

Su,v = {xSq = WSi, ySi = ZSq, w"" = z"} C ^i-y^w^z X ^lo-.si- 

The projection to ^ yields a family of open curves 

whose only singular fiber lies over the point (0, 0) G Cu,v and contains an excep- 
tional component, i.e., the locus of all points of Su,v for which x = y = w = z = Q. 

Notice that Su,v has d = {u, v) irreducible components, each one isomorphic 
to S^i^^^id. For instance, when d = 1, Su,v is smooth if and only \i u = v = 1 
(in which case it is a resolution of an Ai-singularity); it is normal if and only if 
u = 1 or u = 1 (in which case it has an isolated A^-i or A^-i singularity in one 
exceptional node). If m > 1 and v > 1, Su,v is singular along the whole special 
fiber of fu^v (the curve w = z = 0). 

We now show that the morphism /^j^t, : Su,v Cu,v is a model for X ^ T near 
E. To set up, recall that a neighbourhood 1/ of n in C is of the form {xy = i}, 
where £ is a regular function on a neighbourhood To of to- In other terms, there 
is a fiber product diagram 

(1) CdV 

e 

^The notation A'^ ^ means, here and similarly below, that w,z are the coordinate functions 

on 
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where V' is a neighbourhood of the origin in ,^ and e is given by s = xy. 

The curve Cu,v niaps to A] via {w,z) i-^ wz, and 5^^^, to A^ ,^ via projection. 
We will show that i lifts to a morphism h: Tq ^ Cu,v More precisely, we shall 
prove the following result. 

Lemma 3.1.1. Possibly after shrinking Tq, diagram ([T]) lifts to a fiber product 
diagram 

JMdU ^ U' C Su,v 



fu , V 



Tn 



where U is a neighbourhood of E in X and U' is a neighbourhood of the exceptional 
curve in Su,v Moreover, the lifting can be chosen so that the following holds. Let 
(f>j- be any generator ofir*M over U , and denote by Uq (resp., Ui) the complement 
in U of the inverse image of the locus si = (resp., sq = 0). Then there are 
generators Co o.^d Ci of C®''' over Uq and Ui such that 

SqCo = s[Ci on UonUi, a(Co) = x^CaT on Uq, a(Ci) = y^CAf on Ui.E 

Proof. A weaker lifting property than the one claimed obviously holds. Consider 
the threefold 

Z = {XSO = WSi, ysi = ZSo} C K:,y,w,z X ^lo-Si' 

The projection to A^ ^ yields a family of open curves 0: Z — > ^"w whose 



restriction to Cu,v is clearly just Su,v 
diagram ([T|) lifts (non uniquely) to 



Cu,v Then, after suitable shrinkings, 



U- 



w 



■A 



where W C Z is a neighbourhood of the exceptional curve in the central fiber of 
(j). In concrete terms, this means that U has equations: 

xr]o = ko in Uq, yr]i = ki in Ui, 

where ijqiji = 1 on Uq DUi, x and y vanish on E, r/o and rji vanish on X OU, ko 
and ki are regular functions on Tq which vanish at to- Clearly, r]Q is the pull-back 
of the quotient sq/si, and rji is its inverse. What must be shown is that k can 
be chosen in such a way that k^ = k\. This is where the presence of a limit root 
comes into play. 



*For simplicity, we continue to use x and y to denote the pull-backs of these functions to U. 
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Consider the line bundle M on U whose transition function, relative to the 
cover {Uo, Ui}, is r/[ G 0*{UonUi). Clearly, degM\E = degCf^ = r. ByEMl we 
may assume that £^ ~ A^, possibly after shrinking U . Thus there are generators 
Co, Ci of C®'^ 1 over Uq and Ui respectively, such that Co = ViC'i on Uq fl Ui. 

Let Ca/" be a generator of 7r*(AA) over [/. We have a(Ci) = qCa/" on C/j, i = 0, 1, 
where co and ci are regular functions on Uq and ?7i respectively. Consider the 
expressions of co and ci as power series: 

(2) Co = ^ aiX* + ^ ai?7o'* in t^o, ci = ^ ftjy* + ^ 6i?7f * in C/i, 

i>0 i<0 j>0 i<0 

where the and the 6j are regular functions on To . Since vr* (A/") has degree zero on 
E while iZ®'^ has degree r, a is identically zero on which gives Oj(to) = ^j(to) = 
for all i < 0. On the other hand, by definition, the order of vanishing of (co)|xn(7o 
at p is li and that of (ci)|xnc/i 1 ^' o^mC^o) / and 6i,(to) 7^ 0. Up to 
shrinking To, we may thus assume that and 6„ are units. 

On Uq n Ui we have a(Co) = ^iO^(Ci)' ^o co = f?iCi. We also have % = rj^^ , 
X = kQiTji, y = kiT]^^ . Substituting, we get: 

(3) «i^oVi + Yl = Yl ^i^i^r' + Yl ^0 ^ 

i>0 i<0 i>0 t<0 

Comparing terms of degree u in rji, we get a^feo = This is not exactly what 

we are asking for, but we may proceed as follows. Let 5 be an r-th root of b^/au 
(a unit), and define a morphism h: Tq ^ ^w,z by setting /lo = S~^kQ, hi = 5ki. 
Clearly, = h\, and /i is a lifting of I, since hohi = kQki = i. A compatible 
lifting of y — > ,^ to a morphism U —^ Su,v is given by 

{x,r]o,t) ^ {x,rioki{t),hQ{t),hi{t),[6''^r]Q : 1]) on Uq, 
{y,Vi,t) ^ {mko{t),y,hQ{t),hi{t), [1 : 6r]i]) on f/i, 

where t stands for a variable point in To. 

It remains to find the local generators Co and Ci- What we have done so far 
amounts to showing that, replacing rjo with 6^^r]Q and r]i with 6rji, we may assume 
that U is defined by equations xrjo = Hq on Uq and yr/i = hi on Ui, where r/or/i = 1 
on Uq n Ui and /iq = h\. Moreover, replacing Co with 5"Co Ci with S~^('i, we 
may also assume that the coefficients a„ and b^j in the power series developments 
([2]) are equal, while conserving the property that Co = "^iCi- Now, comparing 
terms of all degrees in identity we conclude that 

Co = ci = y^p, 

where 

p = au + Y "-u+ix' + ^ by+iy' = by + Y (^u+ix" + ^ 

i>0 i>0 j>0 i>0 
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Since p is a unit on a neighbourhood of E, possibly after shrinking U it makes 
sense to set 

Ci = Cl/p, i = 0, 1, 

and these local generators of C'^'^ have all the required properties. I 
Remark 3.1.2. Set d := {u,v). Consider the surface 

Su,v = {xso = T^l'^si, ysi = W-^so} C A%y^, x F^.^,^ 

and the family of curves fu,v '■ Su,v —>■ induced by the projection. Notice that 
a d = 1, this is the normalization of fu,v- Su,v — > Cu,v 

If the base T is normal, then X has the following stronger property: 

(P) There exist neighbourhoods Tq of to in T and U of E in X , and a regular map 
h: A}j., such that /i(to) = and U is isomorphic to a neighbourhood of 

the exceptional curve in the base change of the surface S^j^^ ^jii via h. 

3.2 The model family of curves 

Let C be a nodal curve and let A'" be a weighted subgraph of Tc satisfying 
condition (CI) of 12.21 Let X be the curve obtained from C by blowing up the 
nodes in A. Let C — > ^ be a semi-universal deformation of the curve C, where D. is 
the unit polydisc in C^^ with coordinates ti, . . . , tjvf • Observe that this deformation 
is universal if and only if C is stable. If this is the case, M equals 3(7 — 3; otherwise 
it is strictly larger than 3^ — 3. 

We shall construct a finite cover D^w — > and a family of blow-ups vr : X^w — > 
C/\w D^n, (where Ca™ = C_X£) D^w) with central fiber X: 

X/^w C/\^ ^ 



C 

The family X/^w D^w will depend on C and on the weighted graph A*"; it will 
be used to construct the universal deformation of any limit r-th root (X, L, a) 
with weighted graph A"'. 

Denote by £"1, ... , Em the exceptional components of X and by ni, . . . , rim the 
corresponding nodes in C. For any i = 1, . . . , m let Uj, be the weights associated 
to rii and let {ti = 0} be the locus in D_ where the node rii persists. We write 
ID = D X D', where D is the unit polydisc with coordinates ti,. . . ,tm and D' 
corresponds to the remaining tj's. Consider 

C V ... V — / — 10"™ — r'"'" \ r A^'" 

and set 

m 
i=l 
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Consider the morphism Y\- Cui,Vi D defined by 

ti = WiZi for all i = 1, . . . , m 

and the induced morphism Dj\w D^. Let Ca^ Dj\m be the pull-back of the 
family C — > D to Da™ • 

A neighbourhood Vi of rii in Ca™ can be thought of as 



Vi = {xy = WiZi, w^;^ = zl\ . . . , tt;J^ 



M +m+2 



Now let vr: A^a™ ^ Ca™ be the blow-up locally described as follows: 



C/j = vr ^(Fj) = {xsq = WiSi, ysi 



J 



X Note that 7r|f/. : [/, — > Vi is the blow-up of the ideal (x, it^j), or 



D^w is a family of blow-ups of Ca™ ^ I?a« 



in j^A^+™+2 Tisi 
equivalently of {y,Zi). Now A^a 
and has X as central fiber. 

Cover each Ui by the two affine open subsets Uio = {si ^ 0} and Un = {sq ^ 
0}. Set r]o := sq/si and r]i := si/sq. Then the total space A'a^ has equations 



(4) 



w 



xr/o = 
2/?/i = Zi 



in C/io, 
in Uii, 



and ryo?7i = 1 on C/jo H f/ji. Let f be the Cartier divisor given by 
(5) x"' on Uio and y^' on C/ji, for i = 1, . . . , m. 

On Uio n f/ii we have x^'^/y'"' = v\ ^ C*^^™ (f^o n Un). Note that: 

o £■ is effective; its support in each Ui is the inverse image via vr of the locus of 
the i-th node {x = y = Wi = Zi} in Vi C Ca™; 

o £\x = TliLiiuiPi + ViQi); 

° Ox^w {—£)\Ei has degree r for any z = 1, . . . , m. 
The following result is a global version of I3.1.11 

Lemma 3.2.1. Let C — s- T 6e a family of nodal curves, Af G PicC and {X — > 
T,C,a) a limit r-th root of {C,Af). Let to G T, and let be the weighted graph 
of the fiber over • 

Possibly after shrinking T, there exist a fiber product diagram 



X 

k 

Xj\ 



■ Ca" 



where /i(to) = (0, •••,0), and an isomorphism t9: TT*(J\f) ^ k*{0{—£)) 

whose composition with the natural map ■k*{N) ® k*{0{—£)) — > 7r*(A/') is a. 
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Proof. Call C and X the fibers of C ^ T and A" — > T over to. Since C ^ T is 
sl deformation of C, up to shrinking T there is a morphism i: T ^ D such that 
^(io) = (0, ... ,0) and C ~ C Xd T. By Lemma KTA\ I lifts io h: T ^ Da- 
and A" ~ A^Ai" x ^i^^, T. We define i? to agree with a away from the exceptional 
components, as k*{0{—£)) is canonically isomorphic to Ox in this region. What 
must be seen is that i? can be extended to all of X. Let Ei be an exceptional 
component of X, and let Cv be a generator of 'k*{M) on a neighbourhood of E^. 
Near E'j, the space X is obtained from ([1]) by base change via h. Let Uq and f7i be 
the inverse images of UiQ and Un. As in l3.1.1l we write x and y also to indicate the 
pull-backs of these functions to X . We know from 13. iTT] that there are generators 
Co and Ci for C'^'^ , over Uq and Ui respectively, with the property that 

(6) Co = ??ICi onC/on?7i, a(Co)=x"C.^, a{Ci) = y\N, 

while 7r*(A/') (g) A:*(C'(-£:)) is generated on Uq and Z7i by = ("at k*{x'') and 
Ci = Qn ®^*{y^)- Now we can extend i? across Ei by sending Co to Co and Ci to Cl; 
since Co = ^iCp the first of the identities ([U]) says that this is not ambiguous. On 
the other hand, since Co niaps to x"Ca^ in 7r*(7\A), and Ci to y^C,j\f, the remaining 
identities say that the composition of with ti*{M) ® k*{0{—£)) — > Tr*{J\f) agrees 
with a. ■ 

Remark 3.2.2. Since Da™ equals Cui,vi x • • • x Curn,vm ^ D' , it is normal if and 
only if, for every i, either Ui = 1, or Vi = 1. This is always true if r = 2 or r = 3. 

3.3 Construction of universal deformations 

We are now in a position to construct the universal deformation of a limit root. 
We place ourselves in the set-up of I2.4[ Let i? be a scheme, / : C — > a family of 
nodal curves and TV G PicC a line bundle of relative degree divisible by r. 

Fix bo G B, set C = /"H^o) and let C ^ 12 be a semi-universal deformation 
of C. There exist a neighbourhood Bq of 6o in B and a morphism Bq D, 
bo ^ {0, ... , 0), such that Cb^ — Q. >^d_Bq. 

Let := {X, L, a) be a limit r-th root of (C, N^g) and let A"' be the associated 
weighted subgraph of Tc- Let A^a™ — > -Da- be the deformation of X constructed 
above. Set 

Uj: := Bo -xdDa^, 

let uo € be the point that maps to bo € Bo and define Cg, in the natural 
way. We denote by TVg the pull-back of A/" under ^ observe that in general 
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Af^ is not the pull-back of a line bundle on Ca™ • 

Q Bo 

^/^w C/\w ^ D lyj^ ^ D_ 

Our goal is to prove that L extends to a line bundle on , giving a family of limit 
r-th roots of M^. 

A key step is the next lemma, concerning automorphisms of the above diagram. 
As usual, when W ^ Z is a morphism of schemes, we write Aut2(VF) to denote 
the group of automorphisms of W over Z. We shall make use of Lemma 12.3.21 
by fixing an orientation on the graph Sx and hence an isomorphism Autc(X) ~ 

Lemma 3.3.1. The action of G = AutoiD/^w) on D^w lifts to: 

a) a natural action on , which leaves the divisor 8 invariant; 

b) natural actions G —>■ Ant Bo{U^), G— >AutBo(Q), ^ AutB(j(A:'g), compati- 
ble with the projections ^ ^ U^. 

Moreover, the homomorphism G Aut(X) induced by G ^ AutBoiX^) yields an 
isomorphism G — > C^{Tix, fJ-r) C Autc(X). 

Proof. Automorphisms of D^w over D, are automorphisms of Cui,vi x • • • x Cum,v„^ 
over D. Any such automorphism has the form {wi,Zi) i— > {CiWi,Ci~^^i) with Q an 
r-th root of unity; thus G ~ (/^r)™"- 

We show that G acts on X/\w and that the action on the central fiber is by 
inessential automorphisms, giving G ~ C^T.x,fir) C Autc(X) (cf. LemmaEHS]). 
Fix (Ci,...,Cm) G (/"r)"*- In each Ui the space X^w has equations ^ and the 
action is given by 

{x,r]o,...,Wi,...) ^ {x,CiVo,---,CiWi,...) inUio, 
{y,r]i,...,Zi,...) ^ {y,Cr^m,---,Cr^Zi,...) in Un, 

hence the induced automorphism of X is inessential and corresponds to ((^i, . . . , Cm) S 
(T,x , iJ'r) ■ It is clear that £ is invariant under this action. 
Now, using the universal property of fiber products, it is immediate to see that 
the action of G lifts to U^, C^, and X^ with the desired properties. ■ 

In what follows, if a G G, we shall denote by au^ , ac^ , and a^^ the correspond- 
ing automorphisms of f/g, Cg, and X^. 
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We now address the problem of extending L. Recall that there exists an effec- 
tive Cartier divisor £ on X/\w such that £^j^ = YllLii'^iPi'^Viqi) and Ox^w {—£)\Ei 
has degree r for any z = 1, . . . , m. Denote by the pull-back of Ox^m {—£) to X^. 
Then part (i) oi Lemma 12.3.31 implies that there are an inessential automorphism 
a oi X and an isomorphism t?: L®*" — >■ a*{'K^{M^ ^ Ox) such that a is the 
composition of i} with the pull-back of 7r|(A/'^) 'S'G^'S^ Ox vr|(7Vg) (g) Ox- Hence, 
up to modifying via a the identification of X with the central fiber of X^, we can 
assume that a: L®^ — > vr^g(-/Vfeo) ^'g^'^es with the restriction to X of the natural 
map 7r|(7V^) ^G^^ 7r|(A/'^). 

Shrinking and i?o ! if necessary, we can extend L to E Pic X^ so that 

by Remark 13.0.61 Let be the composition of this isomorphism with 7r|(A/"g) ® 
G^ — > 7r|(A/"g). Now {X^ —5- U^,C^,a^) is a limit r-th root of M^. Moreover, 

there is an isomorphism ip of limit roots between and the fiber of the family 
{X^ —5- U^,£,^,a^) over uq G L'^. The pair {{X^ —> U^, C^,a^),jp) is a universal 
deformation for ^. 

Proposition 3.3.2. Letp: T ^ B be a morphisni of schemes, and {X — > T,C,P) 
a limit r-th root of Mt- Let to G T be such that p{to) = bo, and assume that 
there is an isomorphism (j) of limit roots between ^ = (X, L, a) and the fiber 
of {X — > T,C,(3^ over to. Then, possibly after shrinking T, the deformation 
{{X T,C,f3),(l)) is isomorphic to the pull-back of {{X^ — s- U^, C^,a^),jp) via 
a unique morphism of B -schemes ^ : T ^ such that 7(to) = ""0/ moreover, the 
isomorphism is unique. 

Proof of existence. We know by Lemma [3. 2 . II that . up to shrinking T, there exists 
h: T ^ D^w such that Ct — Ca^ x T and X ~ X^w x T. Recall that 
= Bq x_d Da™, and set 7 = p x /i. Then ^ : T ^ has the property that 
7 (to) = Uq and that there is a commutative diagram with fiber product squares 

(8) 



BqCB 



Let C and /3' be the line bundle and the homomorphism obtained by pulling 
back and via 5. Notice that {X,C',(3') is a limit r-th root of A/r, since 
K*{J\f^) = Mt by the commutativity of Moreover, it follows from Lemma 
13.2.11 and from the definition of that there is an isomorphism -i? : C^^ — s- 
such that 13' 01} = p. 

Now let (p: X Xt^ and ^lJ■. X ^ (X^)uo be the isomorphisms of schemes 
underlying <p and ip, and set L' = (p*{C'). Then a := o 5 o <p is an inessential 
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automorphism of X with the property that cr*{L) = L' , and "i? yields an isomor- 
phism X- L®'^ — > (T*(L)®''" such that a = ct*{ol) o x- Then part (ii) of Lemma 
12.3.31 says that a belongs to C^(i;x,/^r) which, by Lemma [3.3.11 can be identified 
with G = Autfl (Da'^ ) • Moreover, Lemma [3.3.11 suitably interpreted, implies that 
-00(7 = cjx^°il^- Thus, replacing 7 with 07, k with o"^ ok, and 5 with oS, we 
may suppose that ip = 5o(f) (recall that, always by Lemma [3.3.H £ is G-invariant). 
A consequence is that £ and C agree at to. On the other hand, C®^ and are 
isomorphic via ??, so Remark 13.0.61 implies that there is an isomorphism between C 
and £' whose r-th tensor power is "Q. At this point we are almost done: {X, £, (3) 
is certainly the pull-back of {X^,C^, a^). Moreover, (j) is the pull-back of except 
for one little detail, namely that the corresponding isomorphisms between L and 
the pull-back of C might not be equal. However, since the r-th tensor powers of 
these isomorphisms are equal, the ratio between the two is an r-th root of unity. 
To fix this it suffices to multiply the isomorphism between C and C by a suitable 
root of unity. 

Proof of uniqueness. Assume that the morphism p: T ^ Bq has another lifting 
^' : T ^ such that [{X, C, (3), (p) is isomorphic to the pull-back of {{X^,C^, a^),'ip) 
via 7', and let 

(9) 



BoCB 



be the corresponding commutative diagram. Call h and h' the morphisms T — > 
D^m induced respectively by 7 and 7'. Then h and h' are both liftings of T — > 
so there exists a & G such that h' = aoh. As p is fixed, this yields that 7' = au^ 07, 
and hence also that k' = ac^ ok. If we compose the vertical arrows of Q with 
the actions of the inverse of a on the respective target spaces, we get another 
commutative diagram whose vertical arrows are 6" := a~^^ o 5' , k, and 7. Clearly, 
6" and 6 differ at most by an automorphism of X over Ct', in other words, there 
is t G Auicj,{X) such that 6" = 6 o l. Moreover, there is an isomorphism between 
C®^ and i*{C®'^) which is compatible with (3. We need an auxiliary lemma. 

Lemma 3.3.3. Let c G Autcj,{X). Suppose that there exists an isomorphism 
1?: Z:®*" ^ i*{C'^'') such that (3 = i*{(3) o i3. Then there exists t e G such that, 
possibly after shrinking T, 5 o l = tx^ o S. 

Proof of lemma. This is essentially a version "with parameters" of part (ii) of 
I2.3.3[ Let E be an exceptional component of Xt^ . Recall from 13.1.11 that there 
are open sets Uq and Ui covering E such that X is of the form xrjo = ho in Uq 
and of the form xrji = hi in Ui, where r/o?7i = 1 and /io,/ii are functions on a 
neighbourhood of to such that /iq = h\. Since l is an automorphism over Ct, 




19 



L*{x) = X and i*{y) = y. Write 

i>0 i<0 i>0 i<0 

From i*{x)L*{rjQ) = ho we get in particular that Oj = for i > 0. Similarly, 
bi = for i > 0. On the other hand, a_i and 6_i are both different from zero, 
since l restricts to an automorphism of E. Starting from /,*(r/o)i*(^i) = 1, another 
simple power series computation then yields that = 6j = for i < — 1, and 
that a_i6_i = 1. Thus i*{r]o) = k~^r]o and = /cr/i, where k = 6_i is a unit 

on a neighbourhood of to- To prove the lemma it suffices to show that k is an 
r-th root of unity. Now, Lemma 13.1.11 says that there are generators Ci for C^^ 
on Ui, i = 0,1, and ("at for tt*{Mt) on C/q U C/i, with the property that = fliCi-: 
/?(Co) = x^Cn, and /?(Ci) = y\N- Write = fiL*{Ci), i = 0,l, where 

i>0 i<0 i>0 i<0 

From /3(Co) = x^Qm and (3 = i*{0) oi? we then get that = x'^/q; this yields that 
Cj = for i > and that cq = 1. Similarly, = for i > 0, and do = 1- On the 
other hand, 

riihi*{Ci) = vim) = m) = u*{Co) = /oi* wci) = k'vih^*{Ci). 

This gives that do^i + d^irj^^^ + • ■ ■ = k^{coril + C-ir]\^^ + • • • ), and hence in 
particular that A;'' = 1, as desired. I 

We return to the proof of uniqueness in 13.3.21 Lemma 13.3.31 implies that 
5' = oxf^ ° TX/. ° S. On the other hand, o k = k and tu^ ° 7 = 7, since r^-^ 
corresponds, via 6, to an automorphism of X over Ct- Thus, replacing the original 
cr with (TT, we may in fact suppose that not only 7' = ajj^ o 7 and k' = ac^ o n, 
but also 6' = ax/. ° 5- In particular, ax^ o 6 o (p = tp. However, by the proof of 
existence, ip is also equal to 5 o 0, so ax^ acts trivially on the fiber of — > at 
uq. Since this action corresponds via ip to the action of o" on X, it follows that 
cr = Id, 7' = 7, and 5' = 5. That there is a unique isomorphism C ~ 5*{£.^) which 
is compatible with /3 and 6*{a^) and agrees with the given one on the fibers above 
to follows from the uniqueness part of 13.0. 6[ This finishes the proof of 13.3.21 ■ 

Remark 3.3.4. It follows from the construction of (Afg — > U^,C^,a^) that this 
family is a universal deformation for any one of its fibers. 

3.4 The moduli scheme of limit roots 

We are ready to prove Theorem 12.4.11 Consider the set 

S}{M) = ]J {limit r-th roots of {Cb,Nb)} j ~ 
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where ~ is the equivalence relation given by isomorphism of limit roots. 

Fix bo €z B and a limit r-th root ^ = {X,L,a) of (Cb^, Nh^^). Let {X^ — > 
U^,C^,a^) be the universal deformation of ^ and Bq C B the open subset of B 
dominated by U^. 

Recall that, by Lemmas 12.3.21 and 13.3. H there are natural identifications and 
maps: 

Aut(e) = CO(Sx,/ir) ^ Ci(Sx,Air) = G. 

Via this homomorphism, the group Aut(^) acts on U^, C^, and if a S Aut(^), 
we will denote by ajj^, ac^, and ax^ the corresponding automorphisms of these 
spaces. The universality of the family {X^,£.^,a^) shown in Proposition 13.3.2] 
implies that, if o" G Aut(^), then a^^{C^) ~ £^ and a^^{a^) ~ a^. 

Lemma 3.4.1. Let b € Bq, let ui,U2 G be points lying over b, and let 
(Xi,Li,ai), (X2,-L2,a2) be the corresponding limit r-th roots of {Cb,Ni,). The 
following are equivalent: 

(i) there exists a € Aut(^) such that cru^{ui) = U2; 

(a) there exists an isomorphism of limit roots between {Xi,Li, ai) and {X2, L2, 02). 

Proof. The implication (i) =^ (ii) is an immediate consequence of what we ob- 
served above: if there exists a € Aut(^) such that au^ (iti) = U2, then {axi:)\Xi '■ ~^ 
X2 is an inessential isomorphism which induces an isomorphism of limit roots. 

Conversely, assume that there is an inessential isomorphism (j) : Xi — > X2 that 
induces an isomorphism between the corresponding limit roots. We are going to 
show first of all that (p = {(Tx^)\Xi ^'-'^ some a (z G, and then that a belongs to the 
image of Aut(^) in G. Let d G ^ be the image of b, and di, ^2 G Z^a™ the images 
of ui,U2. Recall that G is the group of automorphisms of Da™ over D, and that 
D, = D^w /G. Choose t G G such that r((ii) = d2- Then tu^{ui) = U2 and 

p ■= o (ta'^)|Xi '■ ' ^1 

is an inessential automorphism of Xi. Notice that p G C^{T,Xi, Pr) C Autcj_(Xi) 
by construction. 

Set ^1 := {Xi, Li, ai). The universal deformation {X^-^ C/gj,£^^,a^J of ^1 
is naturally an open subfamily of {X^ — > U^, C^,a^) (see Remark 13. 3. 4p . Applying 
Lemma 13.3.11 with respect to ^1, we see that there is a subgroup Gi of G which 
is naturally identified with C^{T,Xi, fJ'r) C Autc^{Xi). If {ji, . . . , j^} C {1, . . . ,m} 
are the indices for which the exceptional component Ei of X does not deform 
to Xi (namely, in Ch the i-th node is smoothed), then under the isomorphism 
G ~ (/U,.)™, Gi is the subgroup of (Ci, • • • , Cm) with (j^ = ■ ■ ■ = = 1. 

Let t' € Gi be such that (t^^)|Xi = and set a := ro(r')~i. Then {a;c^)\Xi ~ 
(j). Notice that {Q^) ~ and cj^ — ^|(-^5) (this is true for all 

elements of G). In fact, the first property is easily deduced from ([5]) and ([7]); 
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for the second property, it is enough to observe that crQ^{M^) ~ A/"g and that 
vrg o ax^ = (Jc^ o vrg, so (vr|(AA5)) ~ ■Kl{a}.^{Mi:)) ~ ^|(A/'5). 

Now, since C'f'' ~ t^I{M^) ® ^5, we get a*x^{Cf'') ~ By construction 

so we get (T^^(£^) ~ by Remark 13.0.61 and cr comes from Aut(^). ■ 

Proof of Theorem \2.4-l\ For every r-th root ^ as above we have a well-defined, 
injective map between B-sets: 

and the image of /3g inherits a complex structure from U^/ Aut(^). Since Sj{J\f) is 
covered by subsets of the form Im in order for these "charts" to define a complex 
structure on S'j(AA), the following must hold: if ^1 and ^2 are limit roots such that 
Im and Im intersect, then /?^^(Im is open and the composition [i'^^ofi^-^ 
is holomorphic. That this is true follows easily from Proposition I3.3.2t Remark 
13.3.41 and Lemma 13.4.11 In fact, choose a limit root r] corresponding to a point 
in the intersection of Im [i^^ and Im (5^^ . Then there are natural (and canonically 
determined) open immersions Jj : Un ^ U^., compatible with the actions of Aut(?7) 
and Aut(^i). Thus Jj induces a morphism Jj : C/^/ Aut(ry) ^ U^J Aut(^j), which 
is an embedding by Lemma 13.4.11 Finally, we have = f3^. o Jj. 

The analytic morphism p: Sf{J\f) — > B has finite fibers. Proposition 12.1.2] 
implies that p is proper, hence it is a finite projective morphism. As B is quasi- 
projective, so is S j{M). 

Finally, the scheme S J- (TV) is a coarse moduli space for the functor S J (TV) . In 
fact, for any i?-scheme T, the map 5j(TV)(T) — > HoniBiT, S^{J\f)) is naturally 
defined as follows. To any limit r-th root {X T, C, a) of TVt, we associate the 
morphism T — > 5"^ (TV) which is locally given by Proposition 13.3.21 Clearly, this 
morphism depends only on the isomorphism class of {X ^ T, C,a). ■ 

Proof of Proposition \2.4-^ The morphism p is smooth at a point ^ if and only 
if U^/ Aut(,^) ~ Bq, that is, if and only if Aut(^) = G. This is equivalent to 
6i(Sx) = 0. ■ 

4 Geometry of the moduli space of limit roots 
4.1 Limit roots for a fixed curve: examples 

Let C be a nodal curve and N G PicC. We denote by ^^(iV) the zero-dimensional 
scheme Sj:^{N), where fc'-C^ {pt} is the trivial family. Notice that, by Remark 
12.4.31 for any family f : C ^ B whose fiber over bo B is C and for any TV E PicC 
such that TVjc = TV, the scheme-theoretical fiber over 69 of the finite morphism 
Si (TV) — > is isomorphic to S^{N). 
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We have seen in Remark 12.2.11 that there are r'^'^C^c) weighted subgraphs of 
Tq satisfying conditions (CI) and (C2). Let A"" be one of them. Recall that 
A'" carries the weights Ui,Vi on each edge, and that its supporting graph A is 
a subgraph of Tq- As usual, denote by g'^ the genus of the normalization of C. 
The set of nodes A determines a partial normalization tt: X — > C of C, and the 
weights determine a line bundle 7f*(A^)(— Y^i{uiPi + ViQi)) on X. The dual graph 
of X coincides with Tc \ A, so we have r'^d^+bii^c^'^) choices for a line bundle 
L G PicX such that L®'" ~ TT*{N){-Y^-{uiPi + ViQi)) (r^f" choices for the pull- 
back of L to the normalization of X, and j-bii^c^^) choices for the gluings at the 
nodes). Each choice of L gives a point {X,L,a) in Sq{N) with weighted graph 
A"'. 

Lemma 4.1.1. The geometric multiplicity of the connected component of S^<{N) 
supported on iX,L,a) is r''i(^-^) = r*i(rc)-6i(rc^A) _ 

Proof. Recall that T,x is the graph whose vertices are the connected components 
of X and whose edges are the exceptional components of X. The connected 
component of S(j{N) corresponding to {X,L,a) is isomorphic to the fiber over 
the origin of the morphism Dj\w / Aut(X, L,a) — > D, (see section 3). If X has m 
exceptional components and 7 is the number of connected components of X, then 
the order of ramification of D/\w / Aut(X, L, a) —^D. over the origin is r'^/r^~^ = 
j.bii'Ex) ^ Now notice that is obtained from Tc by contracting all edges in 
Tc \ A, thus 6i(Sx) = bi{Tc) - h{Tc \ A). ■ 

In conclusion, using remark [2.2. H we have that the length of SciX) is 

A^(^d-^{[d]r) 

as expected. Here, as usual, [d]r stands for the modulo r multidegree of N. 

Remark 4.1.2. Consider a limit root {C,L) having C itself as underlying curve; 
then the scheme Sc{N) is reduced at the point (C, L). 

Remark 4.1.3. By construction Da™ — ^ D depends only on C and on A"", while 
Aut{X,L,a) depends only on Ex and r, by Lemma 12.3.21 Thus 

• the scheme structure on SciX) depends only on [d]r- 

Example 4.1.4 (Compact type). Let C = UjCj be a curve of compact type. Then 
bi{Tc) = 0, hence there is a unique weighted subgraph of Tc satisfying (CI) 
and (C2) (which depends on [d]r by the previous remark). So there is a unique 
blow-up X oi C {X is of compact type) with a divisor D = YliWiVi + viqi), such 
that every limit root in 'Sc{N) is of type {X,L,a) with L®~ ~ tt*{N){-D). In 

I 

particular, X = C if and only if [d]^ = 0. Notice also that Sc{X) is reduced. 

Example 4.1.5. Let C be a curve of genus g with two smooth components Ci, C2 
and three nodes ni,n2,n^- 
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We describe Sq{Oc)- Since bi{Tc) = 2, Fc must have 3^ = 9 weighted subgraphs 
satisfying (CI) and (C2). One is 0. This choice corresponds to points of type 
(C, L) with L®3 ~ Oc; there are 9 • S'^s" of them (with g"" = g-2), all reduced 

points in S^{Oc)- 

For each A consisting of two edges {nj,nk} (where j,k G {1,2,3}), we have 
two possible choices for the weights: 



Denote by Xj ^ the curve obtained blowing up A. 




We get points of type {Xj^k,L) where L®i ~ (-2pj - qj - pk - 2qk) or 

Lf~ Oy {—Pj — ^Qj — ^Pk — Qk), depending on the weights. Since Fc \ A 
is contractible, we have 6i(Fc \ A) = 0, so these points have multiplicity 9 in 
5j(Oc); there arc 6 • S^s" of tlicni. 

Finally, when A = {rai,n2,n3}, we have two possible choices for the weights: 




Denote by -^^1,2,3 the corresponding curve. 

E\ ,E2 



Ci- 



Pi 



P2 



I E3 



P3 



2,3 



92 
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We get points (^1,2,3, L) where L®^ ~^x,o^ - P2 - Ps - 2gi - 2q2 - 2^3) 

\Ai^2,3 ^1,2,3 

or L®i ~ Or. (-2pi - 2p2 - 2ps - qi - q2 - qs). There are 2 • S^^^" of these 

^1,2,3 ^1.2,3 

points, each of them with multiphcity 9 in S(j{Oc)- 
4.2 Higher spin curves 

Let Mg^n be the moduh space, and Mg^n the moduh stack, of stable n-pointed 
curves of genus g. Let iVun be the relative dualizing sheaf, and the 
tautological sections, of the universal curve Un ■ Cg^n — > ■^g,n- 

Fix integers I, mi, . . . , m„ such that r | l{2g — 2) + mi + • • • + m„, and set 
m := {mi, . . . , nin} and 

We introduce a contravariant functor 

Sg'l^~: {schemes} — > {sets}, 

encoding the moduli problem for limit r-th roots of u}\^ over Mg^n, as follows. 
Look at pairs {f:C^B,(^) consisting of a family / : C — > -B of n-pointed genus g 
curves and a limit root ^ of (C, ujf'iY^ ruiai)), where cii, . . . , cr„ are the tautological 
sections of / and 1^/ is the relative dualizing sheaf. Two such pairs (/: C ^ 
B,(^) and (/': C — > B,^') are considered equivalent if there is an isomorphism 
k: C C of families of n-pointed curves and an isomorphism, as limit roots 
of (C, u;®'(^ mjCTj)), between ^ and (observe that, if a[,...,a!^ are the 

tautological sections of /', then niiai) and mia[)) are canonically 

isomorphic) . Notice that this is clearly a coarser equivalence relation than the one 
given by isomorphism of limit roots over a fixed family of curves. 

Then, for every scheme we define Sg'^~{B) to be the set of all equivalence 
classes of pairs (/ : C ^ B,^) as above. Arguing exactly as in the proof of Theorem 
12.4.11 we obtain: 

Theorem 4.2.1. The functor Sg'l^~ is coarsely represented by a projective scheme 
Sg\n~, finite over Mg^n- 

We call Tp: S2n~ — > Mg^n the structure morphism. For any stable n-pointed 
curve (C, ai, . . . , an), the fiber of Tp over [C] is 

Sc{uj'^\rniai H h m„fT„)) / Aut(C, cri, . . . ,cr„). 

When we consider stable curves without markings (i.e., when n = 0), we denote 

by Sg''' the corresponding moduli space, and by Sq^ the fiber of ^ over [C] € Mg. 
21 

The scheme Sg' is the moduli space of spin curves, constructed in [8]. 
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Denote by Sg'n'— the open subscheme of 5^'„' parametrizing points {C,L) 
with C stable, and let <f. Sg]n — — > Mg^n be the natural morphism. 

Pairs (C, L) with C a smooth curve and L G Pic C such that L*^^' ~ loq Eire 
generally called r-spin curves. Their moduli space admits a natural stratification 
by loci parametrising line bundles L with increasing (C, L) , so that the largest 
locus corresponds to "effective r-spin curves"; we refer to the recent paper of 
A. Polishchuk for more details and open problems related to this interesting 
aspect. 

Several modular compactifications of the moduli space of r-spin curves, and 
more generally of Sg'n'—, have been introduced by T. J. Jarvis [HI [lU [IT], by 
means of rank 1, torsion- free sheaves. 

The next statement summarizes well-known results relating line bundles and 
torsion- free sheaves of rank 1. 

Proposition 4.2.2. Let B he an integral scheme and f : C ^ B a family of nodal 
curves. 

(I) Let tt: X ^ C he a family of blow-ups of C and let C S Pic A" be a line 
bundle having degree 1 on every exceptional component. Then tt^,{£.) is a 
relatively torsion-free sheaf of rank 1, flat over B. 

(II) Conversely, suppose that is a relatively torsion-free sheaf of rank 1 on C, 
flat over B. Then there exist a family vr: Af — > C of blow-ups of C and a 
line bundle C € Pic A" having degree 1 on all exceptional components, such 
that T ~ 7r*(>C). 

(Ill) Let TT : X ^ C , tt' : X' ^ C be families of blow-ups of C and L € Pic^, 
C! G PicAf' line bundles having degree 1 on every exceptional component. 
Then i^^^i^C) ~ vr!|,(£') if and only if there exists an isomorphism a: X ^ X' 
over C such that C ~ a*{C'). 

Proof. (I) is a local property, see [T^, Proposition 3.1.2. 

(II) is a consequence of G. Faltings' local characterization of torsion- free sheaves 
[llj : see |14j . §3.1 and 3.2, in particular Theorem 3.2.2. 

(III) The "if" part is clear. To prove the converse, it suffices to notice that 
there is an isomorphism r: A' — > Proj(0^>Q Sym'^(7r^=(£))) of spaces over C, with 
the property that t*{0{1)) is isomorphic to C, and similarly for X' and C . ■ 

Jarvis introduces the notion of r-th root sheaf of a line bundle N E Pic C, which is 
a rank 1, torsion- free sheaf J- on C together with a homomorphism (3: !F®^ N 
with the following properties (see [T7], Definition 2.3): 

o r deg T = deg N; 

o /3 is an isomorphism on the locus where T is locally free; 
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o at any node of C where J- is not locally free, the length of the cokernel of /3 is 
r — 1. 

Such an r-th root sheaf is always of the form 7r,,(L), where X is the curve obtained 
from C by blowing-up the nodes where J- is not locally free, vr: X — > C is the 
natural morphism and {X,L,(5) is a limit r-th root of (C, iV). It is easy to see, 
using Proposition 14.2.21 that the moduli functor of r-th root sheaves of loI^ over 

Mg^n is isomorphic to 5^',^'" (see [11], 3.1 and 4.2.2, and [17J, 2.2.2 and page 38). 
Hence we have the following: 

Theorem 4.2.3. The scheme Sg'l^~ is isomorphic over Mg^n to the coarse moduli 
space of the stack RoOTg(!;^(a;^) (in the notation of 1161) of r-th root sheaves of 

Observe that, exactly as in [16], one could construct different (less singular) 
compactifications of Sg'n — (and more generally of Sj{Af)), in two ways: 

(a) requiring, in the definition of a family of limit roots, that property (P) of Re- 
mark [3?L2] holds; this amounts to considering only "not too singular" families 
of limit roots; 

(b) attaching to a limit r-th root the data of a set of limit d-th roots for any positive 
d dividing r, i. e. considering "coherent nets of roots". Set-theoretically, this 
amounts to attaching to a limit r-th root ^ = (X, L, a) the data of the gluings 
for ^"^ for any integer m dividing r. 

5 Higher spin curves in the universal Picard scheme 
5.1 Compactifying the Picard functor 

Assume > 3 and let Pd^g — > Mg be the degree d universal Picard variet}{l, whose 
fiber over a smooth curve C is Pic^ C, the variety of line bundles of degree d on 
C. Let Pii g — > Mg be the modular compactification constructed in [5]; Pd,g is an 

integral, normal projective scheme. Its fiber over C G is denoted by P^j and 
gives a compactification of (a finite number of copies of) the generalized Jacobian 
of C. The moduli properties of Pd,g are described in [5], section 8. Its boundary 
points are of the same nature as limit roots: they correspond to line bundles on 
quasistable curved, having degree 1 on exceptional components. 

The moduli space of higher spin curves over Mg naturally embeds in P^^g (see 
I5.2.1|) : its projective closure in Pd,g is thus a new compactification which we shall 
now study. 

^Mg (and likewise Mg) stands for the locus of curves with trivial automorphism group. 
quasistable curve X is a blow-up of a stable curve C. We call C the stable model of X. 
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We recall from [5] a few basic properties of Pd,g-, which, as Mg, is constructed 
by means of Geometric Invariant Theory (see [13]; in this section we freely use 
the language of [I9j). We begin with some useful conventions and numerical 
preliminaries. Let d be an integer; we denote by d an element of TP whose entries 
add up to d, that \s d= {di, . . . , d^} and Yl^i = d. We say that d is divisible by 
some integer r if all of its entries are; if that is the case, we write d = (mod r). 
If g is a rational number, we set qd = {qdi, . . . , qd^} and we say that qd is integer 
if qdi is integer for every i. 

For any nodal curve X, we denote by Xi, . . . ,X^ its irreducible components 
and set ki = #Xi n X \ Xj. Let M be a line bundle of degree d on X; denote by 
d = deg M = {di, . . . , dj} its multidegree, where di := degj5f. M. For the dualizing 
sheaf of X we use the special notation Wi := degj^. ljx = 2g'(Xj) — 2 + ki and 

wx ■■= deg ujx = {wi, . . .,w-y}. 



dz - d- 



Similarly, for a subcurve Z of X, we set kz := #Z H X \ Z, wz '■= deg^i^x = 
2g{Z) - 2 + kz and dz := deg^ M. 

Let X be a quasistable curve. As usual, we denote by Ei its exceptional 
components and set X = X \ UiEi (thus X is a partial normalization of C). 

Definition 5.1.1. Let X be a quasistable curve and M € PicX. We shall say that 
the multidegree d of M is balanced if deg^; M = 1 on every exceptional component 
E of X and if, for every subcurve Z of X, the following inequality (known as Basic 
Inequality) holds: 

2g-2 - 2 

We shall say that d is stably balanced if it is balanced and if for every subcurve Z 
of X such that 

r r wz kz 

dz — d = , 

2^-2 2 ' 

we have that Z contains X. 

Similarly, we shall say that the line bundle M is balanced (or stably balanced) 
if its multidegree is. 

It is easy to see that if d is balanced and Z is a connected component of X, 
then dz — d-^^^ ~ Hence if d is stably balanced, X is connected. 

We shall need the following elementary 

Lemma 5.1.2. Let X be a quasistable curve. 

(i) Let M G PicX be such that M*^^' ~ uj^ for some integers r and I; then M 
is stably balanced. 

(a) M G PicX is balanced (stably balanced) if and only if M ® uj^ is balanced 
(stably balanced) for some integer t. 
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(in) Assume that the stable model of X is irreducible and let M £ PicX be a 
line bundle having degree 1 on all exceptional components. Then M is stably 
balanced. 

The goal of the following definitions is to measure the non separatedness of 
the Picard functor. 

Definition 5.1.3. Let X be a nodal curve and T E PicX; we say that T is a 
twister if there exists a one parameter smoothing X ^ S oi X such that 

7 

T^Ox{Y,aiXi)®Ox 

i=l 

for some Cartier divisor Yll=i ^i^i (where Oj E Z). The set of all twisters 

of X is denoted by Tw(X). 

Definition 5.1.4. Consider two balanced line bundles M G PicX and M' G 
PicX', where X and X' are quasistable curves. 

We say that M and M' are equivalent if there exists a semistable curve Y 
dominating both X and X' and a twister T G Tw(y) such that, denoting by My 
and My the pull-backs of M and M' to 1", we have 

My ~ My (g) T. 

In particular, for any automorphism a of X, a*{M) is equivalent to M. 

To say that M and M' are equivalent is to say that their pull-backs to Y are 
both limits of the same family of line bundles. More precisely, let y — > S be 
a one-parameter smoothing of Y such that the twister T of Definition 15.1.41 is 
T = Oy{D) (g) Oy, with SuppZ) C Y. Let A4 G Pic3^ be such that A4|y ~ My; 
then M ® Oy{D) (g) Oy ~ My so that My and My are both limits of the family 
corresponding to M* (recall that the "*" denotes restriction away from the central 
fiber). Therefore, the line bundles My and My (and likewise M and M') must be 
identified in any proper completion of the Picard scheme over Mg. 

Remark 5.1.5. Let M,M' G PicX be stably balanced. Then a simple numerical 
checking shows that they are equivalent if and only if there exists an automorphism 
a oi X such that M' ~ a*{M). If the stable model of X has no non-trivial 
automorphisms, then M and M' are equivalent if and only if M|j^ ~ ^\x' 

Fix a large d {d > 20{g — 1) would work), set s = d — g and consider the 
Hilbert scheme Hilbp/ of connected curves of degree d and genus g in P''; the 
group SL{s + 1) naturally acts on Hilbp/ . Recall that there exist linearizations 
for such an action such that the following facts hold. 

'^We say that a semistable curve Y dominates a nodal curve X if it can be obtained from X 
by a finite sequence of blow-ups. 
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Theorem 5.1.6 ([5j). Let X be a connected curve of genus g. 

(1) The Hilhert point of X is GIT-semistable if and only if X is quasistable and 

is balanced. 

(2) The Hilbert point of X is GIT-stable if and only if X is quasistable and C'x(l) 
is stably balanced. 

(3) Assume that the Hilbert points of X and X' C are GIT-semistable. Then 
they are GIT-equivalent if and only ifOx{^) and Ox'(l) are equivalent. 

Proof. We have assembled together, for convenience, various resuhs from [5j: for 
(1) see Propositions 3.1 and 6.1 (the "only if" part is due to D. Gieseker [13|): 
for (2) see Lemma 6.1. The "only if of part (3) is Lemma 5.2; the "if is a 
direct consequence of the existence of the GIT quotient as a projective scheme 
(see below). ■ 

Let then Pd,g be the GIT-quotient of the locus of all GIT-semistable points in 
Hilb;f ; it is a normal, integral scheme, flat over Mg (Theorem 6.1 in [5]). 

The above result permits a modular interpretation of Pd,g ^ a modular com- 
pactification of the universal Picard variety. Let X be a quasistable curve and 
let M E Pic X be very ample of degree d. By Theorem 15.1.61 if we embed X in 
P** by M, the Hilbert point of X is GIT-semistable if and only if M is balanced. 
Thus Pd, g parametrizes equivalence classes of balanced line bundles on quasistable 
curves. 

Associating to M G Pic X the stable model C oi X yields the natural morphism 
Pd,g Mg] Pq denotes its fiber over [C] € Mg. 

Recall (Theorem 6.1 in [5]) that P^ is a finite union of g-dimensional irreducible 
components, one for each stably balanced multidegree (of degree d) on C: 



Moreover, if C has no non-trivial automorphisms, every component of P(^ contains 
a copy of the generalized Jacobian of C as a dense open subscheme: 



isomorphic over Mg via the morphism M M ^ lo^ for any M € FicX. Hence 
we can assume that Pd.g exists for any d £ Z, even if it is constructed only for 
d^ 0. Moreover, M is balanced, or stably balanced, if and only if M ^ oj'^ is (by 
part of Lemma I5.1.2P . 




d stably 
balanced 



d 
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5.2 A new compactification of higher spin curves 

Let C be a stable curve and L G PicC an r-th root of u^'; then, by part ^ of 
Lemma l5.1 .21 L is stably balanced, therefore, by part (2) of 15.1.61 it is identified 
with a point of Pi{2g-2)/r,g- More precisely, consistently with section W?I\ we 

denote by Sg' ' the open subscheme of Sg' ' corresponding to pairs (C, L) as above. 
Obviously, S'J' ' is the coarse moduli space for the similarly defined functor Sg' ' . 
We have: 

Lemma - Definition 5.2.1. There is a natural embedding 

X - Sp^ ^ Pl{2g-2)/r,g- 

We define Sg^ to he the closure, in the projective variety Pi(2g-2)/r,g! of the image 

ofx, and 

^:Spl^Mg 

to be the natural morphism. 

Proof. The set-theoretic inclusion has already been defined before the statement. 
To complete the proof, notice that there is an obvious inclusion of functors 

^ Pl{2g-2)/r,g 

and hence the desired embedding follows from [S], Proposition 8.1 (1). ■ 

This defines a new compactification of the moduli space of higher spin curves, 
which we shall compare with the previously constructed Sg' . As for Sg' , the 

boundary points of correspond to line bundles on quasistable curves, having 
degree 1 on exceptional components. Here is a more precise description. 

Proposition 5.2.2. The points of Sg'^ are in bijective correspondence with equiv- 
alence classes of balanced line bundles M £ PicX such that X is a quasistable 
curve of genus g and there exists a twister T on X for which the following relation 
holds: 

M®'' ~ ujf (g) T. 

— V I 

Proof. Let \ £ Sg' . Since A belongs to the closure of (smooth) r-spin curves, there 
exist a representative M € V\cX of A, a one parameter smoothing f : X ^ S oi 
X, and a line bundle A4 oti X, such that M. ® Ox — M and such that 

Then we have 

where D is a Cartier divisor supported on the central fiber. Finally, the line bundle 
T = Ox{D) ® Ox is a twister of X] therefore, restricting the above relation to X, 
we are done. 
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Now we prove the converse: let X be a quasistable curve of genus g and let 
T G Tw(X) be such that (deg T + lwx)r~^ is integer and balanced. Observe that 
uj^ (^T has degree divisible by r on each irreducible component of X, so it admits 
some r-th root M G PicX. Let us show that M G Sg'K 

M is balanced, so it defines a point in Pd,g- Moreover, by definition of twister, 
there exist a 1-parameter smoothing f:X — > S X and a Cartier divisor D, 
supported on the central fiber, such that 

Ox{D) ®Ox=T. 

Then M is an r-th root of (cj®' ® Ox{D)) (g) Ox-, and by 13.0.61 it has a (unique) 
extension to G Pic X such that 

~ ojf ® Ox{D). 

Hence M is a limit of smooth r-spin curves, and, as such, it lies in Sg'K ■ 

Remark 5.2.3. The proposition highlights the combinatorial nature of Sg'\ by 
saying that the points of Sg'^ are determined by all twisters T on X such that 
r~^deg (T oj'^) is integer and balanced. It is easy to see that this is equivalent 
to the following properties of deg T: 

(i) degg. T = r for every exceptional component of X] 

(a) d^SXj ^ = (mod r) for every non exceptional component Xj of X; 

(Hi) I deg^ T| < for every sub curve Z of X. 
5.3 Fiberwise description 

Consider again the embedding x defined in 15.2.11 As Sp ' is dense in 5^' ' (and in 

— T I 

Sg ' by definition) , x will be viewed as a birational map 

x-.s^'^ --sp'. 

For any stable curve C of genus g, we denote by ' the fiber of (p : Sp ' Mg 
over [C] . Throughout this section we assume that the automorphism group of C is 
trivial. If C is smooth, then S^'' = is the reduced, zero-dimensional scheme 
parametrizing r-th roots of w^'. 

We have a first, easy result relating the two above moduli spaces: 

^ I 

Lemma 5.3.1. Let [X,L,a) G Sg' be a limit root and let C be a stable curve, 
(i) The map x is regular at every point {X,L,a) such that L is balanced. 
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(ii) If every limit root in S(j is balanced (for instance, if C is irreducible), then 
the restriction X^-g^--' ■ ^c^ ~^ is surjective. In particular, dimS',^'^ = 0. 

Proof. The argument for (i) is analogous to the one proving [5.1.6l The requirement 
that L be balanced naturally defines a subfunctor of 5^' , which has a natural 
inclusion in the functor 'Pi(2g-2)/r, g- Hence the statement follows from Proposition 
8.1 of [5]. 

Now (ii). We just proved that x is defined on 5^' and that, for any ^ S Sq^ 
with ^ = {X,L,a), the image xiO is the class defined by L in S^'K Let A € Sq^ 
and choose a representative M € PicX for A, where X is some blow-up of C; pick 
a one-parameter smoothing oi X, f : X ^ S, and Ai G Pic X such that 

("*" means away from the special fiber). Then by Proposition 12 . 1 .21 up to replac- 
ing 5" by a finite (ramified) covering, the family (/* : JY* — s- S*,M*) determines a 
unique limit root ^ G Sq . By continuity, xiO = -^j whence surjectivity. The fact 
that applies to irreducible curves descends from Lemma [5. 1.21 (Elli- ^ 

Observe that, if {X,L,a) and {X,L,f3) are two balanced limit roots of w®', 
then they are identified by x to the same point in 5"^'^ regardless of their being 
isomorphic or not as limits roots (cf. 12.3.31 part (ii)). 

The main difference between Sp^ and S'J'' is that, if r > 3, the morphism 
is not finite. First we have 

Lemma 5.3.2. Let Z be an irreducible component of SqK Then 

dimZ < biiTc). 
In particular, if C is of compact type, then dimS'^^'' = 0. 

Proof. Let Z be an irreducible component of S^'^ and let A S Z. By Proposi- 
tion 15.2.21 there exists a representative L € Pic X for A such that L®*" ~ T 
for a twister T G Tw(X). For every given T there are obviously finitely many 
L G PicX satisfying this relation. We claim that the twisters T vary in algebraic 
varieties of dimension at most bi{Tc). 

Let : X'^ ^ X be the normalization, T a twister, and set G := i^*T S Pic X'^; 
then every T' G Tw{X) such that i'*T' = G has the same multidegree as T, and 
hence all the r-th roots of a;^' T' lie in S^' (see Remark 15. 2. 3p . Under the map 
1^* : PicX ^ PicX'^ the fiber of G is a (C*)^ where 

b = b^{rx) = bi{rc); 

now, T' moves in such a fiber, and hence in a variety of dimension at most bi{Tc)- 
On the other hand, the varying of G does not contribute to the dimension of Z: it 
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is in fact easy to see that the set v*{Tw X) (where G ranges) is a discrete subset 
of PicX''. Therefore we are done. 

Finally, if C is of compact type then biiVc) = 0, so the last statement is a 
special case of the first. ■ 

Proposition 5.3.3. Let C = C\VJ C2 with Ci smooth and #Ci Pi C2 = k > 2. 

Then dimSX'' = k — 1, with the following list of exceptions, where dim Sp'' = 0; 



(i) r = 


2; 




(a) k = 


2, 


Iwc = (mod r); 


(Hi) k = 


3, 


r = 4, Iwc = (2, 2) (mod 4) 


(iv) k = 


4, 


r = 3, Iwq = (mod 3). 



Proof. In the four exceptional cases listed in the statement, it is easy to check 
that all limit roots in 5,^' are balanced, hence by Lemma 15.3.11 part (juj) we have 
dimSp^ = 0. 

Denote by ni, . . . ,nfc the nodes of C, and by z^: — s- C the normalization. 
We divide the proof in three steps. 

Step 1. Fix a twister T on C. Let T' £ PicC be such that v*{T') = v*{T); then 
T' is a twister. 

Let C — > S be such that T = Oci^i aiCi) (8> Oq, and suppose that C has an 
Ah ,_i singularity in rij. Introduce the universal deformation C ^ -D of C, where 
is a smooth polydisc. Assume, as usual, that the locus where the nodes ni, . . . , 
are preserved is defined by the vanishing of the first k coordinates on Consider 
the family C ^ S obtained by pulling back C via the morphism 

S — >D 

t^{cit''\...,Ckt'"',0,...,0), 

where t is the local coordinate on S and the cj € C* are arbitrary. Then C, just 
like C, has an A^^-i singularity at nj; therefore T' := Cc'(Z^i ^i^i) is a line 

bundle and thus a twister. Finally, is easy to see that T' has gluing datum Cj over 
Uj. The conclusion is that, for any gluing assignment of i'*T over the nodes of C, 
we obtain a twister, as desired. 

From now on we exclude cases («),..., (iv) above. 
Step 2. There exists a nonzero twister Tq on C such that the r-th roots of lo®^ ®Tq 
are stably balanced and, in particular, correspond to points of Sp ' . 

Pick k non zero integers bi, . . . ,bk having the same sign. As usual, denote by 
Pi, ■ ■ ■ ,Pk (respectively, qi, ■ ■ ■ ,qk) the inverse images in Ci (respectively, in C2) 
of the nodes. Define G € PicC^ by 
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k k 



G\C^ = OcAY.^^P^\ G\C2 = Oc,{-Y.hq{). 



i=l i=l 



Then there exists a twister T on C such that v*T = G. In fact, set h := 
lcm(|5i|, . . . , and hi := h/\hi\. Consider a one-parameter smoothing C ^ 5 of 
C having an Ah^-i singularity in for i = 1, . . . , A;. Set D := hC2 if the hi are pos- 
itive, D := —hC2 if the bi are negative. Then D is Cartier and T := Oc{D)®Oc is 

atwister such that T\Ci = Ocil^iPiH VhPk) andTi^-^ = Ocii-hiqi hqu), 

that is, i'*T = G. 

Now set s = Yli^ii obviously \s\ > k. By Proposition 15.2.21 Step 2 will be 
proved by solving the following numerical problem. 
Find an integer s such that 

(1) \s\ > k 

(2) Iwi + s = (mod r) and lw2 — s = (mod r) 

/ s , , kr 

(3) N < y 

where (2) and (3) are parts (ii) and (^iiij of Remark 15.2.31 and we ask for strict 
inequality in (3) because we want the degree to be stably balanced. 

Write s = rj — Iwi for some integer j. It finally suffices to find an integer j so 
that (1) and (3) above are satisfied, that is A; < \rj — lwi\ < In other words, 
we are reduced to showing that the set 



contains an integer j (provided that cases («),..., (iv) are excluded). The proof 
of this fact is elementary and easy, therefore we omit it. 

Step 3. Steps 1 and 2 imply the proposition. 

Pick a twister Tq as in Step 2. By Proposition 15.2.2] and Remark 15.2.31 the set 
of all such To is characterized by some numerical conditions on their multidegree, 
hence on the multidegree of their pull-back to the normalization of C. Therefore, 
by Step 1, if there exists one Tq, then there exists a 6i (rc)-dimensional family 
JF of them: ~ (C*)^i('"c;) entire fiber of u* over z/*(To). This yields that 

for every T ^ T the r-th roots of uJ^' ® T lie in Sq ' , and correspond to different 
points, because they are stably balanced. We conclude S^' ' contains subvarieties 
of dimension 6i(rc) = k — 1; by 15.3.21 we are done. ■ 

5.4 Comparison results 

We begin with the case r = 2, which is essentially already known, as we will 
explain. Under this condition limit roots are always balanced: 
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Lemma 5.4.1. Assume that r = 2. Let C be a stable curve and let {X,L,a) € 
Sg' be a limit square root of (C, w^'). Then L is balanced and the orbit of the 
corresponding Hilbert point is closed in the GIT-semistable locus. 

Proof. Fix a subcurve Z of X, let kz and wz be as usual, and let k'^ be the 
number of exceptional components of X intersecting Z and not contained in Z. 
Then we have 

k'z = lkz (mod 2), 

k'z < kz and 2dz = Iwz — fc^- The Basic Inequality (see IS.l.f]) for Z simplifies 
to k'z < kz, which is always satisfied, thus L is balanced and the Hilbert point 
is GIT-semistable (Theorem I5.1.6p . Moreover, if equality holds, every node on 
Z n X \ Z is exceptional. Then Lemma 6.1 of [5] applies, giving that the Hilbert 
point has closed orbit, as stated. ■ 

In view of l5.3.H one obtains that x- Sg''' — ■>■ Sg''' is regular for all I; moreover, 
X is bijective because of the last assertion of the previous lemma (cf. [12j). 

When r > 3 the situation is quite different for, in general, neither the birational 
map X- Sg' --->■ Sg'^ nor its inverse are regular, as we shall presently see. 

Theorem 5.4.2. Let r > 3. 

(i) X ^-5 regular in codimension 1. 

(ii) If r does not divide 21, then x not regular in codimension 2. 

If r divides 21, then x is not regular in codimension 3, unless r = 4 and I = 2 
(mod 4). 

If r = A and I = 2 (mod 4), then x is not regular in codimension 4- 

(Hi) If r > 5 and g > 7, or r = 3,4 and g > 10, then is not regular in 
codimension 1. 

Proof. First of all, recall that Tp: Sg'' Mg is finite. By Lemma f5.3.H x is regular 
over the locus of irreducible curves in Mg. Let U C Sg be the inverse image of 
the locus of curves of compact type in Mg. Then, by Proposition 12.4.2) applied to 
B = Mg, U is normal, so x is regular in codimension 1 on U, hence regular in 

codimension 1 on Sg'. This settles (i). 

For (jn]) we use Proposition 15.3.31 which describes boundary strata in Mg over 
which if: Sj'' Mg is not finite. Since is finite, x, being dominant, cannot be 
regular over such strata. 

In case r does not divide 21 we consider the locus of curves C = Ci U C2 with 
Ci smooth, #Ci n C2 = 2 and Ci of genus 1 (hence C2 of genus g — 2). Then 
l'ui(j = (21, 2l{g — 2)) ^ (mod r), so by Proposition 15.3.3) (p is not finite over this 
locus. 
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If r divides 21 and (r, /) ^ (4, 2 + 4j), again by Proposition 15. 3. 3} ip is not finite 
over all codimension 3 loci whose general curve is a union of 2 smooth components 
meeting at 3 points. 

Finally, if r = 4 and / = 2 (mod 4), ^ is not finite over all codimension 4 loci 
whose general curve is a union of 2 smooth components meeting at 4 points. 

Consider ^ = {X,L,a) € Sq and a one-parameter smoothing (/: A' — > 
S", of ^. Then the moduli morphism S* — > Sp^ completes to a morphism 
S — > S'J''. Denote by A G Sq^ the image of sq G 5'. Clearly, if is defined at 
A, then x~^W = We shall exhibit, for a suitable choice of C, r distinct points 

— r I 

^1, . . . , £ 5'c ™d one-parameter deformations /i, . . . , as above, such that 
the associated Aj all lie in the same irreducible component of S^^ . This implies 

_i — r I 

that X is not defined at Aj, as the are irreducible components of Sq . 

Let C = Ci U C2 with d smooth, Ci ~ and #Ci n C2 = A; (hence C has 
genus g > k — 1 and tui = A: — 2). 

We treat the case r > 5, g > 7 and / = 1, the remaining cases being similar. 
Let /c = 7, fix 5 nodes ni, . . . , ns of C and consider the weighted subgraph of Fc 
given by these five nodes with weights ui = ■ ■ ■ = U5 = 1 and vi = ■ ■ ■ = v 5 = r — 1 . 
This weighted graph satisfies conditions (CI) and (C2) of section 12.21 with respect 

to LOC- 

Let X be the blow-up of C at ni, . . . , ns. Fix Lj € Pic Ci such that 

5 5 

j=i j=i 

The choices for the gluings of Li and L2 over ng and 71,7 yield r distinct limit roots 
= {X,Li) of (C, wc"), ^ = ■■■,'''}■ Now consider a general one-parameter 
smoothing (/j : A" — >• S", £j) of (X, Lj). The surface X is smooth at gi, . . . , q^^uq, n-j 
and has singularities at pi, . . . ,^5; therefore C2 is a Cartier divisor. The line 
bundle A^j := ® Ox{—C2) has degree zero on all exceptional components of X, 
hence it descends to M.'^ G PicC, where C — > S* is the stable model of <Y — > S". Now 
set Mi := {M'i)\c- Then Mj is stably balanced and determines a point Aj G 5^' . 
Observe that Mf^ ~ ujc ® Ti, where Tj is a twister on C and 

5 5 

i=i i=i 

Then, as in the proof of Proposition 15.3.31 we see that there is a 6-dimensional 
irreducible component Z of Sq ^ containing Ai, . . . , A,-. Moreover, as we vary the 
families the points Aj cover an open subset of Z. This shows that Z is entirely 
contained in the subscheme where is not defined. Since the curve C itself 
varies in a codimension 7 stratum of M^, we obtain that is not regular over 
a codimension 1 subscheme of Sg' ^ . I 
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Our comparison results extend easily to torsion-free sheaves compactifications. 
More precisely, recall that Pandharipande constructs in [20J a compactification 
Ug{d, 1) of Pd,g over Mg, by means of rank 1 torsion-free sheaves, and shows 
that this compactification is isomorphic to Pd,g under the correspondence given 

by Proposition 14.2.21 Let R^J^' {uj®^) be the coarse moduli space of Jarvis's stack 
RoOTy''(u;®') of r-th root sheaves of w®' over Mg (see section 14. 2p . Set d = 
l{2g — 2)/r. Then we have a commutative diagram: 

Sg 

I 

I X 
V 

Therefore all results about x hold equally for x'. In particular, we have: 

Corollary 5.4.3. The coarse moduli spaces of the stacks ^OO^y ^ {uj®^) and &g^^{uj'^^) 
(in the notation of U 0^ ) do not embed in Ug{d, 1). 

Proof. For E^J^ {uj®^)., the statement is an immediate consequence of Theorem 
14.2.31 and Theorem 15.4.21 (|ii|). Let tI^^{u}®^) be the coarse moduli space of the 
stack Then tI'''{u®^) is the normalization of Py^uj®^), so it is finite 

over Mg. The statement follows. I 

The literature on compactified Picard varieties is quite rich and varied, so that 
it would be worthwhile to study the same issue with respect to other compactifi- 
cations, such as those of [24j, [TU], [K], for example. This naturally leads to the 
problem of comparing among each other various constructions of the compactified 
jacobian; the general situation is not as clear-cut as it is for the two compactifi- 
cations ([5] and [20]) used in our paper. Recent results in [2] show that, under 
suitable hypotheses the spaces of [5j and [24] coincide; other correlation results 
are, at least to us, not known. 

We conclude with a detailed example. 

Example 5.4.4. Let C be as in Example 14.1.51 Assume also, for simplicity, that 
Ci 9^ for i = 1,2. Under this assumption, two limit third roots are isomorphic 
if and only if the underlying line bundles are isomorphic off the exceptional com- 
ponents. The quasistable curves having stable model C are Xj, obtained blowing 
up the node ui for i = 1,2,3, and Xj^k and -^^1,2,3) described in Example 14.1.51 
The balanced multidegrees are: 

o d={dc,,dc,) = (1,-1), (0,0) and (-1,1) on C; 

o d = {dci,dc2,dEj = (0, -1, 1) and (-1,0, 1) on Xi; 

o d= {dci,dc2,dE,,dEj = (-1,-1,1,1) on X^-fc. 



ix' 



Ug{d,l) 



38 



All these degrees are stably balanced; no multidegree on -^1,2,3 is balanced. 

Let P^(j be the compactified jacobian of C . Recall from [5j, §7.3, that is the 
union of strata Vf parametrized by the balanced multidegrees listed above. Each 
stratum vf- is isomorphic to the variety of line bundles of multidegree d on the 
quasistable curve obtained blowing-up the nodes {nj}jg/ of C (we denote by V- 
the strata V^). The three open strata V^^-'^\ and ^(-1'^) are (C*)2-bundles 

over Pic^ Ci x Pic"^ C2, Pic° Ci x Pic° C2 and Pic~^ Ci x Pic^ C2 respectively; their 
closures are the irreducible components of P^. In V^'^' and ^'^\ the fibers 
are compactified by P'^; in y'-'^''^^ by blown-up in three points. These three 
irreducible components intersect along the codimension 1 strata; see [5], page 651 
for more details. 

Recall that = g — 2\ we are going to show that S"^'^ consists of 15 • 3^^"^ 
points and 2 • 3^^"^ disjoint copies of P^. 

Among the points, 9 • 3^^" lie in 1/(0'"), and are the L € PicC with ~ Oc', 
the remaining 6-3^^" are the L G PicXj^^ with Lf~ ~ {—2pj — qj—pk — 2qk) 

or Lf~ ~ i~Pj ~ '^Qj ~ '^Pk — Qk)', they lie in V- j^^' ^'^'^\ All these points 

— 3 — 3 

are limit roots and lie also in Sq ; notice that the remaining points in Sij have 
unbalanced multidegree. 

Each P^ in S^'^ corresponds to a choice of Li G PicCi and L2 £ PicC2 such 
that either Lf^ ~ Oc^{pi +P2+P3) and Lf^ ~ Oc2{—Qi — Q2 — Qs), or conversely. 
We describe the first case, the other being symmetric. So, fix such Li and -L2- 
Notice that (Li, L2) G Pic^ Ci x Pic~^ C2. Then the corresponding P^ is the fiber 

over (Li,L2) of the P^-bundle h: F^^'"^^ Pic^ Ci x Pic"^ C2. This P^ contains 
three types of points. 



\ 


/ \ 

1 . a 


7 
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The points in V^^' {a in the figure) correspond to the L G PicC with L\(j^ ~ Li 
and L|C2 — -^2; the open stratum h~^{Li,L2)nV^^'~^^ = (C*)^ C P^ parametrizes 
the gluing data for Li and L2 over C. These points are obtained as the central 
fiber of a 1-parameter family (C — s- S,C), where C is smooth and C G PicC is such 
that £'^3 ~ Oc(-Ci). The hue bundle Oc{-Ci)\c depends on the family. 

The points in v}^'~^'^^ U ^2^°'"^'^^ U V^^''^'^^ (/? in the figure) are the L G 
PicXj with L|Cj ~ Li (8) Oci{—Pi) and L^^^ ~ L2. For each i, the open stratum 

L2) n ~ C* C P2 parametrizes the gluing data for Li (g) Oc^ {-Pi) 
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and L2 over X,. These points are obtained as the central fiber of a 1-parameter 
family {Xi S,C), where Xi has an A2 singularity in qi and £ G PicAfj is such 
that ~ OxA-Ci-3Ei). 

Finally, the three points in V^2^' ^'^'^\ V^^^' ^'^'^^ and V2-^^' ^'^'^^ (7 in the 
figure) are the L £ PicXj^ with L^Ci — Li 1^ Oci{—Pj — Pk) and L^c^ ~ L2. 
They are obtained as the central fiber of a 1-parameter family {Xj^k S,C), 
where Xj^^ has A2 singularities in qj and qk, and JC G PicXj ^ is such that ~ 
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